Uniformly discrete sequences in the ball  by MacCluer, Barbara D.
J. Math. Anal. Appl. 318 (2006) 37–42
www.elsevier.com/locate/jmaa
Uniformly discrete sequences in the ball
Barbara D. MacCluer
Department of Mathematics, University of Virginia, Charlottesville, VA 22904, USA
Received 4 April 2005
Available online 15 June 2005
Submitted by M.M. Peloso
Abstract
We verify a conjecture of P. Duren and R. Weir concerning uniformly discrete sequences in the
unit ball in CN .
© 2005 Elsevier Inc. All rights reserved.
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The pseudohyperbolic metric in the unit ball BN of CN is defined by ρ(z,w) = |ϕz(w)|,
where ϕz(w) is the ball automorphism
ϕz(w) = z − Pz(w)− (1 − |z|
2)1/2Qz(w)
1 − 〈w,z〉
for Pz(w) = 〈w,z〉〈z,z〉 z and Qz(w) = w − Pz(w). The pseudohyperbolic metric is related to
the classical Bergman metric β(z,w) by
β(z,w) = 1
2
log
1 + ρ(z,w)
1 − ρ(z,w) ;
the reader is referred to [4] or [5] for a fuller discussion of the Bergman and pseudohyper-
bolic metrics. A crucial property of each is their invariance under automorphisms of the
ball.
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A sequence {zk} of points in BN is said to be uniformly discrete if there exists δ > 0 so
that ρ(zk, zj ) δ for all j = k. If Γ = {zk} is uniformly discrete, infj =k ρ(zj , zk) is called
the separation constant of Γ .
In [2], it is shown that if a sequence {zk} is uniformly discrete in BN with zk = 0 for
all k, then for  > 0,
∞∑
k=1
(
1 − |zk|
)N(log 1
1 − |zk|
)−(1+)
< ∞.
Furthermore, the authors conjecture that this result is best possible in the sense that there
exists a uniformly discrete sequence {zk} in BN , zk = 0 for all k, and
∑
k
(
1 − |zk|
)N(log 1
1 − |zk|
)−1
= ∞. (1)
The purpose of this note is to verify this conjecture, and to supply a strengthened version
of the Duren–Weir result as well. We remark that in one dimension (i.e., for a uniformly
discrete sequence {zk} in the disk), it was shown in [1] that
∑
k
(
1 − |zk|
)(
log
1
1 − |zk|
)−(1+)
< ∞
for any positive , and an example was constructed to show that this series may diverge
when  = 0. This same example will also provide the proof of Theorem 1 below when
N = 1. Thus our interest here is primarily in the case N > 1.
Fix a dimension N > 1 and δ with 0 < δ < 1. In what follows, c will denote a constant
whose value may change from one occurrence to the next. While c may depend upon the
dimension N and the chosen value of δ, it will always be independent of the parameter m
which appears below.
For m a positive integer greater than or equal to 2, let Sm denote the sphere in
C
N = R2N , centered at 0, with radius 1 − 2−m. Write Δ(z, δ) for {w ∈ BN : ρ(z,w) < δ}.
Lemma 1. For each integer m 2, there is a set of points {zmj }M(m)j=1 in the sphere Sm with
the properties
(a) ρ(zmk , zmj ) δ for all j = k and
(b) every point of Sm lies in Δ(zmk , δ) for some 1 k M(m).
Proof. We proceed inductively, beginning with the point zm1 = (1 − 2−m,0′) in Sm. The
inductive step is as follows: if {zmj }Kj=1 satisfies property (a), but not (b), then find w ∈ Sm
with
w /∈
K⋃
j=1
Δ
(
zmj , δ
)
.
The enlarged set {zmj }Kj=1 ∪ {w} will still satisfy (a). This process must eventually termi-
nate (i.e., eventually both (a) and (b) will be satisfied), since the triangle inequality for ρ
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volume. 
In the next result we use the fundamental identity (see, for example, [3, Theorem 2.2.2]
or [4, Section 1.3])
1 − ρ(z,w)2 = (1 − |z|
2)(1 − |w|2)
|1 − 〈z,w〉|2 . (2)
Lemma 2. There is a constant c, independent of m, so that if z is any point of Sm, the
(2N − 1)-dimensional surface area measure of Sm ∩ Δ(z, δ) is at most c2−Nm, for all
m 2.
Proof. Since UΔ(z, δ) = Δ(Uz, δ) for every unitary map U , and area measure on Sm
is rotation invariant, it suffices to prove the result for z = (1 − 2−m,0′) = (1 − 2−m)e1.
Temporarily write r = 1 − 2−m.
Using Eq. (2), we have
w ∈ Sm ∩Δ(re1, δ) ⇐⇒ |w| = r and ρ(w, re1) < δ
⇐⇒ |w| = r and (1 − r
2)2
|1 − 〈w, re1〉|2  1 − δ
2
⇐⇒ |w| = r and |1 − rw1|2  (1 + r)
2
1 − δ2
1
22m
.
If w ∈ Sm ∩ [e1], where [e1] denotes complex line through 0 and e1, then a straightforward
calculation shows that w = (reiθ ,0′) lies in Δ(re1, δ) if and only if
1 − cos θ  1
2r2
(
1
1 − δ2 − 1
)
(1 + r)2
22m
.
Thus the intersection of Δ(re1, δ) with Sm ∩ [e1] is an arc of length at most c12−m, for
some c1 depending on δ but not on m. On the other hand, if we let w be a point of Sm with
w1 = r − c22−m where (1 + c2)2  (1 − δ2)−1, then (w1,w′) will be in Δ(re1, δ). Given
w1 = r − c22−m, the restriction that w ∈ Sm is just∣∣w′∣∣2 = r2 − ∣∣r − c22−m∣∣2
or equivalently,∣∣w′∣∣2 = 2rc22−m − c222−2m.
This equation describes a sphere in R2N−2 of radius ∼ c2−m/2. Thus the area measure of
Sm ∩Δ(re1, δ) is at most
c2−m
(
2−m/2
)2N−2 = c2−mN
as desired. Indeed, these calculations show that the area measure is ∼ 2−mN , where A ∼ B
indicates that the ratio A/B is bounded above and below by positive constants independent
of m. 
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Eq. (1).
Theorem 1. Suppose h :R+ → R+ is an increasing function with limt→0+ h(t) = 0. If∑∞
1 h(
1
m
) = ∞, then for each N > 1 there exists a uniformly discrete sequence Γ ≡ {zk}
in BN with zk = 0 for all k and
∑
k
(
1 − |zk|
)N
h
([
log
1
1 − |zk|
]−1)
= ∞.
Proof. Fix N > 1 and 0 < δ < 1. For each m 2, find a set Γm = {zmj }M(m)j=1 of points in
Sm satisfying properties (a) and (b) of Lemma 1. Let
Γ =
∞⋃
m=2
Γm.
Since every point of Sm lies in
M(m)⋃
j=1
Δ
(
zmj , δ
)
,
and the area measure of each Δ(zmj , δ) is at most c2−mN by Lemma 2, there are at least
c′2mN points in Γm, for some c′ independent of m. Thus
∑
zk∈Γ
(
1 − |zk|
)N
h
([
log
1
1 − |zk|
]−1)

∞∑
m=2
c′2mN2−mNh
(
1
m log 2
)

∞∑
m=2
c′h
(
1
m
)
= ∞.
It remains only to show that Γ is a uniformly discrete set in BN . By construction, if z,w
are distinct points in Γm for some m, then, ρ(z,w) δ. If z,w are in Γ , but lie in distinct
spheres Sm1 and Sm2 with m1 < m2, then
ρ(z,w) 2
−m1 − 2−m2
1 − (1 − 2−m1)(1 − 2−m2) 
1
3
,
by virtue of the estimate
ρ(z,w) |ρ(z,0)− ρ(0,w)|
1 − ρ(z,0)ρ(0,w) ,
which is immediate from the (reverse) triangle inequality for the Bergman metric. Thus Γ
is a uniformly discrete sequence in BN , with separation constant at least min(δ,1/3). 
We finish by noting that the converse of Theorem 1 holds as well; this is a mild strength-
ening of Theorem 5 in [2], with the original result corresponding to the choice h(t) = t1+ ,
 > 0.
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ther that
∑∞
1 h(
1
m
) < ∞. For any uniformly discrete sequence {zk} in BN with zk = 0 for
all k we have
∞∑
k=1
(
1 − |zk|
)N
h
([
log
1
1 − |zk|
]−1)
< ∞. (3)
Proof. Let δ be the separation constant for the uniformly discrete sequence Γ ≡ {zk}. For
m = 1,2,3, . . . set
Ωm =
{
z ∈ BN : m < log 11 − |z| m+ 1
}
,
so that
⋃∞
m=0 Ωm = BN\{0}, and let Λm = Γ ∩Ωm. The sum in Eq. (3) is thus equal to
∞∑
m=0
∑
zk∈Λm
(
1 − |zk|
)N
h
([
log
1
1 − |zk|
]−1)

∞∑
m=0
e−mNh
(
1
m
)
card(Λm), (4)
where card(Λm) denotes the cardinality of the set Λm. To estimate this cardinality, observe
that the sets {Δ(zk, δ/2): zk ∈ Γ } are pairwise disjoint and⋃
zk∈Λm
Δ(zk, δ/2) ⊂ Δ(0,R)
for
R = 1 − e
−(m+1) + δ2
1 + (1 − e−(m+1)) δ2
.
This follows from noting that if z ∈ Δ(zk, δ/2) then by the triangle inequality
|z| = ρ(0, z) ρ(0, zk)+ ρ(zk, z)
1 + ρ(0, zk)ρ(zk, z) < R.
The hyperbolic volume of a measurable set A in BN is defined to be
τN(A) =
∫
A
dνN(z)
(1 − |z|2)N+1 ,
where dνN is normalized Lebesgue volume measure on BN ; see [3]. It is easy to see that
the hyperbolic volume of Δ(0,R) is R2N(1 − R2)−N  (1 − R)−N , while the hyperbolic
volume of Δ(zk, δ/2) is
(δ/2)2N
(1 − (δ/2)2)N
(see [2, Section 2]). Disjointness of the sets Δ(zk, δ/2) then yields the estimate
card(Λm) c(N, δ)emN .
Substituting this estimate back into Eq. (4) gives the desired conclusion. 
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